EXAM DATE : 18/03/2019 SET-2

Class XII

Mathematics
(CBSE 2019)

Code No. 65/1/2

Time : 3 Hrs. Max. Marks : 100

GENERAL INSTRUCTIONS :
(i)  All questions are compulsory.

(ii) This question paper contains 29 questions divided into four sections A, B, C and D. Section A
comprises of 4 questions of one mark each, Section B comprises of 8 questions of two marks each,
Section C comprises of 11 questions of four marks each and Section D comprises of 6 questions of six
marks each.

(iii) All questions in Section A are to be answered in one word, one sentence or as per the exact requirement
of the question.

(iv) There is no overall choice. However, an internal choice has been provided in 1 question of Section A,
3 questions of Section B, 3 questions of Section C and 3 questions of Section D. You have to attempt
only one of the alternatives in all such questions.

(v) Use of calculator is not permitted. You may ask logarithmic tables, if required.

[ Section-A ]

4
2 2

1. Find the order and the degree of the differential equation ng_)zl = {1+(%) } . (1]
X X

2. Iff(x) =x+ 7 and g(x) =x-7, x € R, then find di(fog)(x). (1]
X

3. Find the value of x -y, if

13 [y 0] [5 6
2{0 x}L 2}{1 8}' (1]

4. If a line makes angles 90°, 135°, 45° with the x, y and z axes respectively, find its direction cosines. [1]
OR

Find the vector equation of the line which passes through the point (3, 4, 5) and is parallel to the

vector 2i+2j-3k.
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[ Section-B ]

5. Examine whether the operation * defined on R by a * b = ab + 1 is (i) a binary or not. (ii) if a binary

operation, is it associative or not? [2]
2 0 1
6. IfA=12 1 3|, thenfind (A%2-5A). [2]
110
7. Find : I 1—sin2xdx,%<x<% [2]
OR

Find :J'sin'1 (2x)dx.

8. Form the differential equation representing the family of curves y = e (a + bx), where 'a’' and 'b’ are
arbitrary constants. [2]

9. A die is thrown 6 times. If “getting an odd number” is a “success”, what is the probability of (i) 5

successes? (ii) atmost 5 successes? [2]
OR
The random variable X has a probability distribution P(X) of the following form, where ‘k’ is some
number.
k, ifx=0
2k, ifx=1
P(X=x)=1 <o X
3k, if x=2

0, otherwise
Determine the value of ‘k’.

10. A die marked 1, 2, 3inred and 4, 5, 6 in green is tossed. Let A be the event "number is even™ and B
be the event "number is marked red". Find whether the events A and B are independent or not. [2]

11.  If the sum of two unit vectors is a unit vector, prove that the magnitude of their difference is /3. [2]

OR
If a=2i+3j+k,b=i-2j+k and ¢ =-3i+]+2k, find [abé].

. tan? x sec? x
12. Find: [— ——5—dx. 2]

[ Section-C ]

13. Solve for x : tan™'(2x) + tan'(3x) = % [4]
14, If log(x2 +y?) = 2t -1(1j how that S =**¥ 4
. og(x¢ + y4) = 2tan « ) » Show that ‘o x—y [4]
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OR

dy

Y _yX = ab fi et A

If x¥—y*=aP, find dx
3x+5

ind : | —dx.

15, Find: [ — [4]
a a T xsinx

16. Prove that If(x)dx:Jf(a—x)dx. hence evaluate _f—zdx. (4]
0 0 p1+cos“x

17. If E+]+l§, 2i+5], 3?+2]—3R and i—6]—|2 respectively are the position vectors of points A, B, C and

D, then find the angle between the straight lines AB and CD. Find whether AB and CD are collinear

or not. [4]
18. Using properties of determinants, prove the following : [4]
a+b+c -C -b
-C a+b+c -a |= 2(a+b)(b+c)(c+a).
—b -a atb+c
t . d2y dzy T
19. If x=cost+log tan 2 ) y =sint, then find the values of prel and w3 att =1 (4]
X

20. Show that the relation R on R defined as R = {(a, b) : a < b}, is reflexive, and transitive but not
symmetric. (4]

OR

Prove that the function f : N — N, defined by f(x) = x2 + x + 1 is one-one but not onto. Find inverse of
f:N— S, where S is range of f.

21. Find the equation of tangent to the curve y=+/3x-2 which is parallel to the line 4x — 2y + 5 = 0. Also,

write the equation of normal to the curve at the point of contact. [4]
22. Solve the differential equation : x dy -y dx = de, gven thaty = 0 when x = 1. (4]
OR
dy

Solve the differential equation : (1+x2)ol—+2xy—4x2 =0, subject to the initial condition y(0) = 0.
X

1-x :7y—14 :Z_sand 7-7x :y—5 :6—2

23. Find the value of 2, so that the lines 3 % 2 3 1 5

are at right angles.

Also, find whether the lines are intersecting or not. [4]
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[ Section-D ]

24. Show that the altitude of the right circular cone of maximum volume that can be inscribed in a

4r
sphere of radius r is 3 Also find the maximum volume of cone. [6]
2 -3 5
25. If A=|3 2 -4/, then find A"'. Hence solve the following system of equations:
1 1 -2
2x-3y+52=11,3x+2y-4z=-5x+y-2z=-3. [6]
OR

Obtain the inverse of the following matrix using elementary operations:

112
A=| 12 3
311

26. A manufacturer has three machine operators A, B and C. The first operator A produces 1% of defective
items, whereas the other two operators B and C produces 5% and 7% defective items respectively.
A is on the job for 50% of the time, B on the job 30% of the time and C on the job for 20% of the time.
All the items are put into one stockpile and then one item is chosen at random from this and is found
to be defective. What is the probability that it was produced by A? [6]

27. Find the vector and Cartesian equations of the plane passing through the points (2, 2, - 1), (3, 4, 2)
and (7, 0, 6). Also find the vector equation of a plane passing through (4, 3, 1) and parallel to the plane
obtained above. [6]

OR

Find the vector equation of the plane that contains the lines F:(f+])+)»(i+2]—ﬁ) and the point

(-1, 3, - 4). Also, find the length of the perpendicular drawn from the point (2, 1, 4) to the plane thus
obtained.

28. Using integration, find the area of triangle ABC, whose vertices are A(2, 5), B(4, 7) and C(6, 2). [6]
OR

Find the area of the region lying about x-axis and included between the circle x? + y? = 8x and inside
of the parabola y? = 4x.

29. A manufacturer has employed 5 skilled men and 10 semi-skilled men and makes two models A and B
of an article. The making of one item of model A requires 2 hours work by a skilled man and 2 hours
work by a semi-skilled man. One item of model B requires 1 hour by a skilled man and 3 hours by a
semi-skilled man. No man is expected to work more than 8 hours per day. The manufacturer’s profit
on an item of model A is ¥ 15 and on an item of model B is ¥ 10. How many of items of each model
should be made per day in order to maximize daily profit? Formulate the above LPP and solve it
graphically and find the maximum profit. [6]
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Class XII

Mathematics
(CBSE 2019)

SOLUTION

GENERAL INSTRUCTIONS :
(i)  All questions are compulsory.

(ii) This question paper contains 29 questions divided into four sections A, B, C and D. Section A
comprises of 4 questions of one mark each, Section B comprises of 8 questions of two marks each,
Section C comprises of 11 questions of four marks each and Section D comprises of 6 questions of six
marks each.

(iii) All questions in Section A are to be answered in one word, one sentence or as per the exact requirement
of the question.

(iv) There is no overall choice. However, an internal choice has been provided in 1 question of Section A,
3 questions of Section B, 3 questions of Section C and 3 questions of Section D. You have to attempt
only one of the alternatives in all such questions.

(v)  Use of calculator is not permitted. You may ask logarithmic tables, if required.

[ Section-A ]

Question numbers 1 to 4 carry 1 mark each.

2 2)4
1. Find the order and the degree of the differential equation x2u = {1+(ﬂj } . [1]

dx? dx
2 2)4
Sol. x"’:—z:{ﬂ(%J }
X X

Order of the highest derivative = 2

2
and power of d—z is 1
dx

So, order of differential equation = 2 [Y2]

Degree of differential equation = 1 [2]
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2. If f(x) =x+ 7 and g(x) =x-7, x € R, then find di(fog)(x) . (1]
X

Sol. Given f(x)=x+7 and

g(x) = x -7
(fog)(x) = f(g(x))
= f(x - 7)
=(x-7)+7
. [%]
2 (fog)(x) = _(x) 1 [%]

3. Find the value of x -y, if

FMEHME R 2

Sol. 213+y0=56
0 x| |1 2] |18
2 67 [y 0]_[5 6
= o 2x] [1 2] |1 8
[2+y 6+0 5 6

= 1

= |0+1 2x+2| |1 8 [%]
[2+y 6 | [5 6
= |1 2x+2] |1 8

Two matrices are equal and their corresponding entries are equal.

= 2+y=5,2x+2=8

= y=3,x=3
= x-y=3-3=0 ["%]
4. If a line makes angles 90°, 135°, 45° with the x, y and z axes respectively, find its direction cosines. [1]

OR
Find the vector equation of the line which passes through the point (3, 4, 5) and is parallel to the
vector 2j+2j-3k.
Sol. Let a=90°
f=135°
y =45°
| =cosa=co0s90°=0 [2]
1
m = cosf} = cos135° = —ﬁ

1
n = cosy = cos45° = 2

1 1
Direction cosines of the line are 0’—$’$ [2]
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OR
The equation of line passing through A(a) and parallel to the vector b is
F=a+Ab Where i e R [V2]
Here a=3i+4]j+5k
and b = 2j +2j-3k
So equation of line will be

r =(3i+4]+5k)+A(2i +2]-3k) A

[ Section-B ]

Question numbers 5 to 12 carry 2 marks each.

5. Examine whether the operation * defined on R by a * b = ab + 1 is (i) a binary or not. (ii) if a binary
operation, is it associative or not? [2]

Sol. An operation * is called a binary operation
ifforva,be A,a*be A.

Herea,be R = ab+1¢cR.
* is a binary operation on R. (1]
For associative property :
Leta,b,ce R
We have to provea* (b*c)=(a*b)*c

LH.S.=a*(b*c)

=a*(bc+1)

=a-(bc+1)+1

=abc +a+1

and RH.S.=(a*b)*c
=(ab+1)*c
=(@b+1)-c+1
=abc +c +1
L.H.S. #R.H.S. (1]

“** operation is not associative

2 0 1
6. IfA=[2 1 3|, thenfind (A2~ 5A). [2]
110
2 0 1
Sol. A=|2 1 3
110
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Sol.

Now A2=A. A

2 0 1[2 0 1
_l2 1 3[|]2 1 3
1 1 0]|1 10
5 -1 2
_l9 2 5
0 1 -2

Now value of A% - 5A

5 1 2] [2 0 1
9 2 5(-52 1 3
01 -2/ |1 10

5 1 2][10 0 5
_|9 2 5(-|10 5 15
0 1 -2||5 50

5 1 -3
soaz-s5a=|"1 -7 -10
5 4 -2

Find : Ide,%<x<%

Find : [sin™" (2x)dx.

Letl= Jde,%<x<g

| = J‘\/cos2 X + sin? x — 2sinxcos x dx

= j.l(cosx—sinx)z dx
= ||cosx —sinx| dx
JI |

T T .
Forxe |5 |, sinx > cosx

4’2
. |cosx — sinx| = sinx — cosx

== j(sinx—cosx)dx

=-cosx —sinx + C

where C is the constant of integration.
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OR
Let | = [sin™(2x)dx

Let2x =1t
2dx = dt

1 .
= EI1.S|n '(t)dt

Integrating by parts, we get

=%{(sin‘1t)t—j tdt } [1]

1-t2

tsin't - I 2t dt
2

1-t2

NIA

1]

N =
—
-

@,
=1
IN
-~
+
'—.

A
:-0-
N
Q
=
[

%tsin'1t+%\/1—t2 +C (1]
12xsm 2x +—\/1 4x% +C

2

= xsin™ 2x +—1/1 4x% +C

where C is the constant of integration.

8. Form the differential equation representing the family of curves y = e* (a + bx), where 'a' and 'b’ are
arbitrary constants. [2]
Sol. y=e* (a + bx)
= eZy=a+bx

Differentiating w.r.t x

e_2x . [ﬂ:| +y- e_zx . (_2) =b
dx

- e—ZX.[ﬂ_zy}b [1]
dx
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Again differentiating w.r.t x

_ dzy dy dy -

2x 2X -

e — 2 22 |+ __:Zy .e «(=2)=0
[dxz dx:| |:dX ( )

_ d2y dy

2x -

e __4_+4y =0
|:dX2 dx i|

2
= 3—32’—4%+4y =0 is the required differential equation. (1]
X X

9. A die is thrown 6 times. If “getting an odd number” is a “success”, what is the probability of (i) 5

successes? (ii) atmost 5 successes? [2]
OR
The random variable X has a probability distribution P(X) of the following form, where ‘k’ is some
number.
k, ifx=0
2k, ifx=1
PX=x)={ - "
3k, if x=2

0, otherwise

Determine the value of ‘k’.
Sol. Probability of success in one attempt is p.

p = Probability of getting an odd number

= 6 2
- . 1
Probability of unsuccess attempt is q=1-p =§

(i) Probability of 5 success in six attempts

8C,.p5.q"

_ g .(1f.(1)1
l2) |2
6
26
_3 1
T 32 (1]

(ii)) Probability of atmost 5 success in six attempts
= 1 - Probability of 6 success

1-°C4.p%.9°

6

1

1-8c..| =
6(2)

-1
64

63
64 [
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OR

k, ifx=0
P(X = x) = 2K, ifx =1
ST Bk, ifx=2

0, otherwise

We know that,

SP(x) = 1 [1]
= k+2k+3k=1
= 6k=1
1
= sz (1]

10. A die marked 1, 2, 3 inred and 4, 5, 6 in green is tossed. Let A be the event "number is even" and B
be the event "number is marked red". Find whether the events A and B are independent or not. [2]

Sol. The events are defined as
A = number is even

={2, 4, 6}
and B = number is marked red
={1, 2, 3}
ANB = number which is even as well as marked red
= {2}
Probability of occurrence of event A,
3 1
P(A)=—=—
(A) 6" 2 (1]
Probability of occurrence of event B,
3 1
PB)=—=—
8) 6=2
1
and P(AnB)= 5
Here P(AnB) = P(A).P(B) [1]

A and B are not independent events.

11.  If the sum of two unit vectors is a unit vector, prove that the magnitude of their difference is /3. [2]

OR
If a=2i+3j+k, b=1-2j+k and 6 =-3i+j+2k, find [abé&].
Sol. Let any two unit vectors be a and b.

Given that
Sum of two unit vectors is an unit vector.

So, a+b=F [where t is an unit vector]
|a+b|=|F|

Now square both side, we get

(a+b).(a+b)=F.F [%]
= Aa.a+a.b+b.a+b.b=FF [-n.A=1]
= 1+a.b+a.b+1=1 [-a.b=b.a]
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12.

Sol.

- lap=-1 (i)

Now, magnitude of their difference = |a-b|
Let, |a-bl=t
Square on both side

2 [ laf =(a).(a)]

-~
N
|
[VH)
|
o

=
=
=
= t2=2-() [By using Eqn. (i)]
=
=
=

la—bl=+/3| Hence proved.
OR

¢=-3i+j+2k
a, a, aj
The value of [ab &|=a.(bxE)=|b, b, b,
C, C, Cg
2 3 1
él=1 -2 1
31 2
=2(-4-1)-3(2+3)+1(1-6)
=-30

o

E

. tanzxseczxd
Find: j—1—tan6 » X.

2 2
LetI:Jtan xsic de
1-tan” x
Let tan3x = t
3tan?x sec?x dx = dt
I 1 dt
31-t2

_1J- dt

3719-¢2

1+t

1-t
where C is constant of integration

=1In +C,
6

1+tan® x
|= 1|t tan X
6

+C

1-tan® x
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[ Section-C ]

Question numbers 13 to 23 carry 4 marks each.

13. Solve for x : tan™'(2x) + tan'(3x) = % [4]
TT
Sol. tan™(2x) + tan™'(3x) = 2 ...(i)

tan' (2x) = %— tan™" (3x)

tan(tan™" (2x)) =tan| = — tan™' (3
- an( an (x)) an(4 an (x)] [1]
1-3x ,
= 2x=—1+3X = 6x2+5x-1=0
= or 1
= x-6 or — (1]

x = -1 is rejected as tan'(-2) is negative and tan-'(-3) is negative but RHS of (i) is positive

1
X=5 is the only solution. [2]
14, If log(x? +y?) = 2t —1[1j how that &L =X*¥ 4
. og(xc + y¢) = 2tan « ) » Show that ‘o x—y [4]
OR

dy
Yy _yX=9b fi -
If x¥—y*=a", find dx

Sol. log(x?+y?)=2tan™" (1)
X

Differentiating w.r.t. x

d 2, .2, _d (Y
(Iog(x +y ))—a[ﬁan (—D

dx

X
1 d 2 2 2 d (y)
= — (X +y°)= — =
X2+y2 dX y) (y 2 dX X [1]
1+ J
X
dy
X—=—-y
2x+2y(le 2{ dx2 ]
N d x [1]
2 2 2 2 2
X +y (x“+y“)/x
dy _dy
X+y——=X—"-—
- ydx dx y (1]
d
= (y—X)d—y=—y—x
X
dx  x—y ence proved. [1]
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15.

Sol.

OR
Given x¥ —y* = a®

Differentiating w.r.t. x

d d .
SO (y) =0 ()

Now let x¥ =
then logv = y-logx
Differentiating w.r.t. x

1dv dy
—(logx) +logx-

vax Y3 ( gx)+log ax
= d_v=v|:¥+|ogx.ﬂ:|

dx X dx

d, y{y dy} -

— = =+l —
= dx(x )=x x+ ogx ix (i)

Similarly, let y* = u
then logu = x-logy

differentiating w.r.t. x

1 ﬂ—x—(logy)+logy 1
u dx

du u{x dy

—+lo
dx y dx gy}

d x| x dy
= — =y*|=——=+lo

dX(y )=y {y ™ gy} (iii)
Replacing values from (ii) and (iii) in (i), we get

[y+logx dy} y* Xdy+logy
X dx y dx

= ﬂ{xy logx —y”* [iﬂ =y*-logy -x’ (lj
dx y X

dy _y*-logy-x'"-y
dx xY-logx-y**.x

Lo 3x+5
Find : Ix2+3x—18

=J‘ 3x+5

2—dx
x“+3x—-18

§(2x+3)—g+5
J’2 2
x2 +3x-18
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1

- J‘ 2x+3 +J'2 2 dx
2)x?:+3x-18 x°+3x-18

dx (x +3x— 18)
= 1
2j x?+3x-18 2-[ 9 (1]
x+ —18——
2 4
3 2 1 dx
= —In|x“ +3x-18/+—
] )2
X+—| —| =
2 2
x+2-2
= gln|x2+3x—18|+1- 19 log|—2 g +c (1]
2 2 2. — X+_—+—
2 2
x-3
= Inx +3x— 18+—Io +c
| [+ oglo9) ¢ [1]
a a T xsinx
16. Prove that jf(x)dx :_[f(a—x)dx. Hence evaluate _f—zdx. (4]
0 0 p1+cos“x
Sol. To prove : j;f(x)dx = j:f(a—x)dx
a
R.H.S. = [ 'f(a-x)dx
Leta-x=t
On differentiating both sides w.r.t. x, we get
—dx = dt
Andwhen x=0thent=a
Andwhen x=athent=0 (1]
0
R.H.S. = L f(t)(~dt)
b
= [“f(tyott { [Pf(x)x = - j:f(x)dx}
a b b
= [2f(x)ax { [Pfx)ox= ]! f(t)dt}
=L.H.S. Hence proved (1]
Now '".[ xsmx (i)
01+cos?x

(m—x)sin(m—x)
= cos e

1+ cos2(n—x) (above property)

n(m—X)sinx

dx .o
0 1+cos?x (i)
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From equation (i) + equation (ii) we get,

2] =J'TE msinx dx

01+cos?x
2=n[ % _dx
01+cos”x
Let cosx =1t
sinxdx = —dt
-1 —dt
20=7
L 1+t2

dt
11+ 42

2=’
Izz(tan‘1t)11
2

tan"'(1)—tan™"(-1))

n n)
_+_
4 4

Nja N3

(1]

(1]

17. If f+]+IA<, 2?+5], 3?+2]—3I§ and i—6]—l§ respectively are the position vectors of points A, B, C and
D, then find the angle between the straight lines AB and CD. Find whether AB and CD are collinear

or not.

Sol. Given OA=i+]j+k, OB=2i+5), OC=3i+2j-3k, OD=1-6j—k

AB=0B-0A
=i+4)-k

CD=0D-0C
=-2i-8j+2k

Let angle between AB and CD is 0, then

AB-CD
|AB|-|CD|

(1+4]-K)-(-2i —8]+2Kk)

-2-32-2
V1872
36

36
= cosb=1
6=0°

Hence, AB and CD are collinear.
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18. Using properties of determinants, prove the following :

a+b+c —C -b
—C a+b+c -a |=2(a+b)(b+c)(c+a)
-b -a a+b+c
a+b+c -C -b
Sol. A= —C a+b+c -a
-b -a a+b+c

Applying R, - R, + R, + R,, we get

a b c
A=|-c a+b+c -a
-b -a a+b+c

ApplyingR, - R, -R,,R, > R, - R,

a b c
A=|—-(a+c) (a+c) —-(a+c)
—(a+b) —(a+b) (a+b)

Taking (a + c) and (a + b) common from R, and R, respectively.

a b c
A= (a+b)(a+c)|-1 1 1
-1 -1 1

Applying R, —» R, +R

2
a b c
A=(a+b)(a+c)|-1 1 1
200

expanding along R,
A= (a+b)(a+c)(-2)(-b-c)=2(a+b)b+c)c+a) Hence proved.

. d? d?
19. If x=cost+log tan(%), y =sint, then find the values of d_tZ and ﬁ att :E.

H

Sol. Giveny=sint
Differentiating w.r.t. t

dy

—=cost i

dt ...(i)
Differentiating again w.r.t. t

2

d—Z =-sint

dt
= ﬂ =-sint=—_

dt? (at t=%) 4 V2

Given x=cost+ Iog(tan%)

Differentiating w.r.t. t
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Tsec2t

%=—sint+2—t2
t tan—
2
= ﬂ——sint +—
dt sint

From (i) and (ii)

dy dy/dt  cost
dx dx/dt

. 1
-sint+——
sint

dy _sint-cost _sint-cost

=

dx 1-sin’t  cos?t
dy
— =tant
= dx
Differentiating w.r.t. x
d’y d
—=—(tant
w; dx( )
d’y 2, dt
= @ oty
d2y= sec?t
2
= dx (—sint+,1j
sint
d’y sec?t-sint
- dx? cos?t
2 .
_, dy_ sint
dx“ cos™t
1
) L
o R
dx (att:ﬁ) [ 1 J
4 .
V2

t t
» 2sin—-cos— =sint ... (ii
( 2 2 j (i)

(1]

(1]

(1]

20. Show that the relation R on R defined as R = {(a, b) : a < b}, is reflexive, and transitive but not

symmetric.

OR

(4]

Prove that the function f : N — N, defined by f(x) = x? + x + 1 is one-one but not onto. Find inverse of

f:N— S, where S is range of f.
Sol. GivenR={(a,b):a<b}
Reflexivity
Asa<aVvVaeR
'R' is reflexive
Symmetry
Let (a, b) € R

soa<b
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from here it is not necessary that b <a
So (b, a) € R is not true
Clearly R is not symmetric [2]
Transitivity
LetaRbandbRc
= a<bandb<c
It follows thata<c
= aRc
SoaRb,bRc = aRc
So 'R' is transitive (1]
Hence 'R’ is reflexive as well as transitive but not symmetric
OR
f: N — N defined as f(x) =x2+ x + 1
Letx,x,e N
Then f(x) =f(x,) = x2+x, +1=x2+x,+1
= (X2-x)+(x,-x,)=0
= (X, =x)(x, +x,+1)=0
= Xx,-%=0 (asx, +x,+1=0forx,x,e N)
= X, =X,
so f(x,) = f(x,) & x, = x,
= ‘" is one -one. [172]
‘f’ is not onto as (x2 + x + 1) does not attain all natural number values for x € N.
(e.g., x2+x+1=1forany xe N) [Y2]
so ‘f’ is one one but not onto
Now f(x) = x2 + x + 1
Put x = f'(x)
x = (F(x))? + £(x) + 1
= (F(x))? + (F'(x)) + (1-x) =0

—1+/4x-3
2

= fl(x)=

Taking + sign as S contains natural numbers only.

-1+/4x-3

() =
so f7(x)= 2 (2]

21. Find the equation of tangent to the curve y=+/3x-2 which is parallel to the line
4x — 2y + 5 = 0. Also, write the equation of normal to the curve at the point of contact. (4]

Sol. Given equation of curve y=+/3x-2
Now differentiate it w.r.t. 'x’

dy 1
—~/=—_— (31-0
dx 2\/3x—2( )
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dy 3

dx 2.3x-2
Now slope of tangent to the curve y=+/3x-2 at point (x,, y,) is

dv 3

dx (X4, ¥4) - 2 3X1 - [1/2]

Given that tangent at (x,, y,) is parallel to tangent 4x -2y + 5=0 (slope = 2)

3 —
So slope 5 3x,-2 B ["2]
= 3=4,3x,-2

Now square both side
= 9=16 (3x,-2)

9
2 L2-3x
= 16 1

Point (x,, y,) lies on the curvey = /3x -2

o) y1=\/3><——2 \/——2— [V2]

on the curve y=/3x-2 is which has slope = 2

41 3
So equation of tangent at point (48 Z)

Equation of t t (y—§j=2(x—ﬂ)
quation of tangen a 48
3 _,,. M

Equation of tangent is

= |48x-24y =23 (1]

3
Now equation of normal at point of contact to the curve, point of contact = ( ) —J and slope of

“
48 4
tangent at point of contact = 2

Let slope of normal =

We know (m)(2) = - 1 (slope of normal. slope of tangent = - 1)

= |Mm=7 ["2]
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. . 41 3
Now equation of normal at point

48’ 4
s
= Y3 2" 8

Equation of normal is [48x+96y =113| (1]

22. Solve the differential equation : x dy — y dx = ,/x2 +y2dx, gven thaty = 0 when x = 1. [4]

OR

Solve the differential equation : (1+x2)%+2xy—4x2 =0, subject to the initial condition y(0) = 0.
X

Sol. Given differential equation is
x dy —y dx =/x% +y? dx
dy _x®+y®+y

== xz0
dx X

dy dv
i = ——=V+X— 1
Putting y = vx and dx ax’ we get ["2]

dv  Vx% +v2x? +vx
Vix—=~2 T8 2 7T
dx X

= vex o1z ey
dx
xﬂ=\/1+v2

dx
dv dx

== Yo
- V1+v? X [72]

On integrating both sides, we get

log|v+v1+v? |=log|x|+logc

= |v+V1+v? |=|cx| (1]

2
X+‘/1+y—2
X X

Giventhatx=1,y=0
lcl=1

Hence, solution is y+,/x? +y2 =x2. [2]

= =|cx|
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Given (1+ xz)% +2xy = 4x2
X

dy  2x 4x2
— 4 y =
dx 1+x27  1+x?

=

This is a linear differential equation of the form d—+Py =Q, where
X

2
P= 2x and Q = 4x
1+x2 1+x2

Pd [ 2x2dx 2
LF. =P oo 107 2 gh(1hx) 4452

4x?

S(1+x%)dx +c
+ X

Solution is y(1+x?) = j1

3
— y(1+x2)=%+c

Given thatatx=0,y = 0;
= 0=0+c

i,e.c=0

4x3

=W’ is the required solution
+X

y

1-x =7y—14 =z—3a

OR

dy

nd

7-7x _y-5 6-2

["2]

(1]

["2]

[2]

[]

(1]

23. Find the value of 2, so that the lines 3

A 2

Also, find whether the lines are intersecting or not.

Sol. The equation of first line is

1-x _7y-14 z-3

L .

103 A 2
_x-1 y-2 z-3
L, = 3% 2 (=k, say)
7

A
Direction ratio's of L, = <—3, 7 2>
and equation of second line is

7-7x _y-5 6-z

L:i T TT1 s
.x-1 _y-5 z-6
Lz._%_ T - 5 (=k, say)
7

o . 3
Direction ratio's of L, = | ==~ 1,-5
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Lines L, and L, are perpendicular

(—3)( 3xj+%-1+2-(—5) =0

7
10A _ 10
7

rA=T7 (1]

Lines X—X1=y—y1=Z—Z1 and x_x2=y_y2=z_22
a, b, c, a, b, c,
X1=X3 Y17Y2 2472

intersect if | a, b, c, |[=0 (as the lines are non-parallel)

a, b, C,

1-1 6-2 6-3

Now,| 3 1 2
3 1 -5
0 3 3
=|-31 2
31 -5

= -63 (which is non-zero)

So lines do not intersect. [2]

[ Section-D ]

Question numbers 24 to 29 carry 6 marks each.

24. Show that the altitude of the right circular cone of maximum volume that can be inscribed in a

4r
sphere of radius r is ER Also find the maximum volume of cone. [6]

Sol. Let the altitude of the cone be h.

Radius of sphere is r, then the radius of base of the cone,

R=1r?—(h-r)> —

R=+2hr-h? (]
Volume of the cone, ' h
v="R% y
3 (h-r)
- i =
N V:§(2hr—h )h
- <«<—R—>
V=22 —1’] (1]

dVv
Volume is maximum, then ah 0= g[4hr —3h?]

- g[4hr—3h2]=0
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= (4r-3h)h=0
4r

h=0or h=— 2
3 [2]
2
For maximum volume, 2 should be negative.
d’v =
—— =_[4r-6h
dh? 3[ ]
d*v n (4rﬂ 4nr .
=—|4r-6| — | |=———(negative 1
dh? = 3{ 3 5 (neg ) (1]

So for maximum volume, altitude of the cone should be % .

Also V. =§[2h2r—h3]

= E{Z(Ejr?’ _ﬁr3:|
3 9 27

_Tp [§_%}
3 9 27
232 1
81 (1]
2 -3 5
25. If A=|3 2 -4|, then find A'. Hence solve the following system of equations:
1 1 -2
2x -3y +5z2=11,3x+2y-4z=-5x+y-2z=-3. [6]
OR
Obtain the inverse of the following matrix using elementary operations:
1 1 2
A=l 1 2 3
13 1 1
2 -3 5
Sol. A=|3 2 -4
1 1 -2
= |A|=2(-4+4)+3(-6+4)+53-2)=-1 [1]
0 2 1" [o 1 2
Adj(A)=|-1 -9 -5| =|2 -9 23 (1]
2 23 13 1 -5 13
y 0 1 -2
A~ :W(Adj A)=|-2 9 -23 (1]
-1 5 -13

Given system of equations is
2x -3y + 5z = 11
3x+2y-4z=-5
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X+y-2z=-3
2 -3 5|x 11

= (3 2 -4|y|=|-5 1
1 1 -2|z -3

X 11
= Aly|=|-56
z -3
X 11
= |y|=A"-5 [1]
z -3
01 -2|11

1
=|-2 9 -23(-5[=[2
15 -13)-3| |3

x =1,y =2and z = 3 is the solution the given system of equations. (1]
OR
A=1A
-11 2 (100
S
R, — -R,

R,—>R,-R,
R,— R, -3R,
1 1 -2 -1 00

0 3 5|=1 0|A
1]
0 4 7] |3 01

-

R, > -R, +R,

11 -2][100
2 =2 -

0 1 1 1|A (]

04 7] (3 01

R,—R, +R,

R, ~>R,-4R,

10 0 1 -1 1

P B I g
R, —>-R,
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26.

Sol.

10 0] [1 -1 1

0 12(=2 1 1]A

]
001|543

2 2 3

100 [1 -1 1

0 10=-8 7 -5|A
00 1 5 -4 3

1 -1 1
Here I=|-8 7 -5|A
5 -4 3
1 1 1
So A'=|-8 7 -5 [1]
5 -4 3
A manufacturer has three machine operators A, B and C. The first operator A produces 1% of defective
items, whereas the other two operators B and C produces 5% and 7% defective items respectively.
A is on the job for 50% of the time, B on the job 30% of the time and C on the job for 20% of the time.

All the items are put into one stockpile and then one item is chosen at random from this and is found
to be defective. What is the probability that it was produced by A? [6]

Let E,, E,, E, & K be the following events
E, = operator A is chosen
E, = operator B is chosen
E, = operator C is chosen

K = Defective item is chosen (1]
50
P(E,)= >, P(E,)= -
()= 100’ (Ez)= 100 PEs) = 100
Now P£=L,P£=L,P£=L [2]
E,) 100’ |E,) 100" |E,) 100

. E,
We have to find P K

By Baye's theorem

K
PE,) P[ j
o 51
K K K K [2)
PE,)-P| = |+P(E,)P P(E;)-P
€0p(g |+PEP( £ | P £
50 1
) 100 100
50 1 30 5 20 7
X + X + X
100 100 100 100 100 100
__ %
50+150+140
50 5
340 34
E 5
P _1):_
(K 34 (1]
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27. Find the vector and Cartesian equations of the plane passing through the points (2, 2, - 1), (3, 4, 2)
and (7, 0, 6). Also find the vector equation of a plane passing through (4, 3, 1) and parallel to the plane
obtained above. [6]

OR

Find the vector equation of the plane that contains the lines F:(i+])+)»(f+2]—l2) and the point
(-1, 3, —4). Also, find the length of the perpendicular drawn from the point (2, 1, 4) to the plane thus
obtained.

Sol. Let A, B, C be the points with position vectors 2i+2j-k, 3i+4j+2k and 7i+6k respectively. The
required plane passes through the point A (2, 2, - 1) and is normal to vector n given by i = ABxAC
Clearly, AB =(3i+4]+2k)—(2i +2]-k)

=1+2j+3k
And  AC=(7i+6k)-(2i+2)—k)
=51 -2j+7k (1]
[
n=ABxAC=[1 2
5 -2

N WX

=i(14+6)+j(15-7) +k(-2-10)
=20i+8j-12k 1]
Required planeis r-n=a-n
r-(201 +8)-12K) = (2i +2j—k)-(20i + 8j—12k)
= (201 +8j—-12K)=40+16+12
F-(51+2j-3k)=17 ]
Cartesian equation of the plane is

(Xi+yj+2zk)-(51+2]-3Kk)=17

= 5x+2y-3z=17 (1]
Let equation of plane passing (4, 3, 1) and parallel to plane 5x + 2y - 3z=17 is
5x+2y-3z=d (11
5(4)+2(3)-3(1)=d
i.e.d=23
= S5x+2y-32=23
Vector equation is F-(5i +2j—3k) =23 [1]
OR

The required plane passes through the point

-1 y-1
A (-1, 3, —4) and contains the line XT=VT=_i which passes through the point B (1, 1, 0) and is

parallel to the vector b=i+2j—k.
Thus required plane passes through two points A(-1, 3, -4) and B(1, 1, 0) and is parallel to vector

b=i+2j-k.
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Let n be the normal vector to the required plane

Bxb

\

=1
Il

3
1l
a N - P

i k
2 4
2 1

(11

=1(2-8)+)(4+2)+k(4+2)

=—6i+6)+6k
Required plane passes through G =-i+3]j-4k and is perpendicular to % =—6i +6 + 6k.
So its vector equation is (F —&)-i =0

(1]

= F-n=0-x%
F-(—6i+6]+6k)=(i+3j—4k)-(-6i+6] +6k)
Fo(=i+]+K)=(=i+3j-4K)-(-i + j+K) (2]
F-(-i+j+k)=0

Length of perpendicular drawn from the point (2, 1, 4) to the above plane is given by

(2i+j+4|2)-(—i+]+|2)|

d=
Jen2 e o? |

-2+1+4
V3
28. Using integration, find the area of triangle ABC, whose vertices are A(2, 5), B(4, 7) and C(6, 2). [6]

OR

Find the area of the region lying about x-axis and included between the circle x2 + y2 = 8x and inside
of the parabola y? = 4x.

Sol. X [1]

=+/3 units [2]

| | | i
0 | | | 1 X

7-5
4-2
= 2y-10=2x-4 = y=x+3

Equation of the lineBCisy -7 = : _Z(x -4)

Equation of the line ABisy-5= (x—-2)
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= 2y-14=-5x+20 = y=_—25x+17

Equation of the line CAisy-5= 2_2 (x-2)
= 4y-20=-3x+6 = y=—§x+E 1
4 2
T °( 5 °( 3. 13
= Area of triangle ABC = _[(x+3)dx+j(——x+17jdx—j(——x+—)dx [1]
5 a2\ 2 o\ 4 2
2 4 g2 6 2 6
=[x—+3x} ﬁ{ Sx +17x} +[3L—Ex} (1]
2 2 4 4 8 2 |
27 3
=(8+12-2-6)+(-45+102+20-68) + ?_39_§+13
=12+ 9-14 =7 square units [2]
OR

(1]

x2+y2-8x=0, centre (4,0),r=4 ...(1)

y?=4x ...(2)
For intersection of (1) and (2)

x2+4x-8x=0 = x=0,4

Intersection points (0, 0) (4, 4) (4, -4) [1]
4 8
A=J.2\/;dx+‘|- 8x —x2dx 1]
0 4
2 . x—a\|
=[2x—x3’2} +—| (x—4)V8x—x? +165sin™" (—J (1]
3 0o 2 4 )|,
_4 g o), 1[16n
3 2| 2
= (% + 47:) square units [2]

29. A manufacturer has employed 5 skilled men and 10 semi-skilled men and makes two models A and B
of an article. The making of one item of model A requires 2 hours work by a skilled man and 2 hours
work by a semi-skilled man. One item of model B requires 1 hour by a skilled man and 3 hours by a
semi-skilled man. No man is expected to work more than 8 hours per day. The manufacturer’s profit
on an item of model A is ¥ 15 and on an item of model B is ¥ 10. How many of items of each model
should be made per day in order to maximize daily profit? Formulate the above LPP and solve it
graphically and find the maximum profit. [6]
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Sol. Letxitems of model A and y items of model B are made per day.
Time constraint for skilled men :
2x+y<5x8
= 2x+y<40 ...(i) (1]
Time constraint for semi skilled men:
2x+3y<10x8
= 2x+3y<80 ...(ii) (1]
Non-negative constraints :
x>0 ...(iii)
y=>0 ...(iv)
Objective function (Profit)
z=15x+10y
Solving the problem graphically
2x+y=40

x]0 |20
y| 400

2x + 3y =80

(3]
0(0, 0)
OABC is the feasible region
Corner Point | z=15x + 10y
0(0,0) 0
A(20, 0) 300
B(10, 20) 350 —— Maximum
C(O, 80 j 800
3 3
The maximum profit is ¥ 350
For the maximum profit, 10 items of model A and 20 items of model B should be made. [1]

o Q
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